Problems from Chapter 5, Section 3

P. Reany
January 30, 2022

1 Reflections and Rotations

Problem (3.1) page 293 of NFCM [1].

Show that the transformation Rx = u~!xu, determined by a nonzero vector u,
is a rotation. Find the axis, the angle and the spinor for this rotation.

For simplicity, let u? = 1. Given that Rx = u~!

Xu = uxu, we know that
Rx =uxu=u(x) +x)u=x —X1, (1)

where x|| commutes with u. So, we want to construct a spinor R that has the
same effect on x as R does. This spinor will rotate in the plane orthogonal to

1.
u. A simple guess would lead us to R = e2"™". Let’s check it.
1, 1,
R'xR = 2" (x| +x)e2™"

= x| +xe™"

:XH7XL. (2)

&
Problem (3.2) page 293 of NFCM. Find the inverse of a reflection.

Let the reflection be given by
Ux = —uxu with u?’=1, (3)

which reflects x through the plane orthogonal to u. It’s easy to show that the
inverse of U is U:

UUx = U(—uxu) = —u(—uxu)u = x (4)
&

Problem (3.3) page 293 of NFCM. Prove that the product of three successive
elementary reflections in orthogonal planes is an inversion, the linear transfor-
mation that reverses the direction of every incoming vector.



If you hit a racketball just right into the corner of a racketball court, it can
come back at you. Let the normal to the first wall it hits be o1, the next wall
be o2, and the last be o3. Each wall the ball hits will reflect it according to
the rule

X = —0,X0;. (5)

After the three such successive hits (reflections), we get
X — (71)30'30'20'1)( 010903
= —(£)i'x(%)i, (6)
where 7 is the usual right-handed pseudoscalar and if = —i. Now, ifi = 102073,
then we have set-up our system of axes as righthanded and we use the plus sign in

(6); otherwise, we must use the minus sign. In either case, we get, remembering
that the pseudoscalar commutes with vectors,

X = —X. (7)

&

Problem (3.4) page 293 of NFCM. A unitary spinor R can be given the fol-
lowing parameterizations
. 1+ib
R:e“”)“:ozwﬁ:a(lﬂ’r):%’ (8)
—1

where a, 8, v, and b are all vectors. Establish the following relations among
the parameters:

1 1—-b?
a=cosia= = ) (9a)

2 /1 +72 1 + b2

N 2b
7:tan%a:atan%a=71_b2 , (9b)
b = tan ia. (9¢)
We already know that

(/22 — cog la+isinsa, (10)

and this gives us the first identity o = cos %a. We can add the relation for 8
B =sinla. (11)

To establish the relation between a and v = ||, we can use the fact that
R is unitary, that is, RfR = 1. Hence

(a1 +iv)) (a(l +iy) =1, (12)

from which we get that
?(1++%) =1. (13)



If we stipulate that o > 0, then we get
1

o= —. 14
V1472 (4
Now we get relations between o and 3 and b. Since 1 + b? is never zero
_ l1+ib 1+4+ibl+ib (1+ib)> 1-b?+2ib
S e N T S I N e rpr 1Y
thus
1 —b?
o = W 5 (16&)
2b
= 16b
P 1+ b? (16b)
We can get v as a function of b because v = 3/« (from Eq. (8)):
2b 1—-b? 2b
¥ = (17)

T 1+b2/ 1402 1-b2’

We can also use the trigonometric forms for b and « to get the trigonometric

form for ~:
s o1
sin sa
»-y:é: 21 :tan%a:étan%a. (18)
(0% COS §a

We end with establishing the trickiest identity, namely (9c). On eliminating
~ between the last two equations, we have that

= tan sa, (19)
or

b=1(1 — b?) tan ia. (20)
Now we solve (16a) for b? in terms of o (and we use that a = cos $a):

1

1—cosza
b? = 7% . (21)
1+cosza
Hence,
2cos ta
1-b?= = (22)
1+cossa
Substituting this into (20), we get
cos %a 1 sin %a 1
b= -—+*+—tanja= —=5— =tanza, (23)
1+cosza 1+cosza

which I completed by use of a trigonometric identity.

&



Problem (3.5) page 293 of NFCM. Given
x' = Rx = R'x R, (24)
derive the “Rodrigues formula”

X —x=9x X' +x). (25)

My plan is to prove the equivalent form:
ix —x)=iy X (X' +x) =9y A X +x) = (y(x' +x%))2. (26)

I’ll do this by expanding the LHS and then the RHS and hope they meet in the
middle. We note that a?(1+~%) = 1, and that (yx, )o =y Ax.
R'xR — x)
(1 — i) (xy +x0) (1 + i) — x]
=i[a?(1—iy)(1+ )X + o?(1 —iy)?x, —x]

o

i(x' —x) =i(
1
i
i[a®(1+9")x) + (1 = = 2iy)x1 —x]
[
g
]|
[—a

=1

i[x) + (1 —~% = 2iy)x, — x|

i[a?(1 — 72 = 2iv) — 1]x1.
=i[a?(1 +7%) — a®(27* + 2iv) — 1]x.
(292 + 2im)x.
—2a%y%ix | + 20y Ax. (27)

7

Now we expand the RHS:

XR 4 x))o

(v +x))2 (R
(0*(1—iy)(x +x1)(1+37) + %) )2
[a
[

20+ )x) + (1 =" = 2iy)x1 +%)] )2
x|+« (1—fy —27/7)XJ_ +x)] )2

= (yxrs + a*(y(1 =72 = 2iy)x1 )2 + (7x)2
=a®(y(1 -+ _21'7)3(1_>2+'7/\X
= (Y[(1+7?) +7(=27" = 2i7) Jx 1 )a + 7 A X
= (yx1 )2 +a®(7(=29" = 2iv)x1 )2 + Y AX
= a®(y(=29" = 2i7)x1 ) + 27 A X
= —272a%(vx1 Yo — 20292 (x| )y + 2y A X
= —2'yzoz2'y AX— 2042'7225(1_ + 29y Ax

4444

(
(
(
(

=2(1 =720y Ax — 20°~%ix, .
=20y A x — 2a%9%ix . (28)



Thus, we have achieved the results we needed, though I’'m sure there’s a
much simpler proof than the one I’ve presented here. 1 was also able to prove
an alternative proof by establishing that

(1 —y)x' )2 =ix+ {(yx)2, (29)
but this was no shorter a proof.

&

Problem (3.6) page 293 of NFCM. Establish the following vector forms for a
rotation:
x' =x+2aB X x+28 X (B X x) (30a)
=x+aXxXxsina+ax(axx)(l—cosa). (30Db)
We'll solve for (30a) first. As is standard in these types of problems, we’ll
decompose x into

X=X +X1, (31)
where, in this case,

x| 8 = Bx,

x18=-PxL.
We'll also need that

axXb=-iaAb. (32)
This time we’ll set R = a + i3, from which we get that
o+ p2=1,

a?— 32 =1-232,
BB x=0BB x=05x.
We’ll also need
BX(Bxx)=pBB x—xp
= 2 x| — B%x
=—B%x . (33)
Now we can to establish (30a):
x' = (a—iB)x(a —if)
= (a —iB)(x) +x1)(a—ifB)
= (a —iB)(a+iB)x) + (o —iB)(a —iB)x.
= (a? +,82)x” + [(a - B2 ) — 2iaBx,
X+ [(1 - 26%) — 2iaB]x,
x —20%x, — 2iaBx,
=x—20%x, + 208 X x|
=x+2a8 Xx+28 X (8 Xx). (34)



We’ll now solve for (30b). This time we have that

Xja=ax,
Xja=—axj ,
and that
ax(axx)=-—-xy. (35)

Now we’re ready to establish (30a). But given that the angles in the answer
are not half angles, it behooves us to formulate the spinors to remove the half-
angles as soon as possible.

With N

R = 657,3 , (36)
we begin with
x' = R'xR
= RT (X” + XJ_)R
= R'Rx + (R")’x.
= XH —+ (Biia)XL
=X| =+ (Xl — Xl) + (Biia)XL
=x+(e®—1)x,
=x+ (cosa —isina—1)x,
=x—(1l—cosa)x, —iax, sin a
=x+aXxsina+ax(axx)(l—cosa),

where I reversed the order of the last two terms.

&

Problem (3.7) page 293 of NFCM. Derive the following expression for the
matrix elements of a rotation by an arbitrary vector angle a:

€k = 0jk COSA — €jkmUm sina + a;ar(l — cosa), (37)

where €5 = iTO'j Aoy Ao, and ap = a- o, which are the direction cosines
of the rotation axis.

Basically, we can think of this problem as a corollary to the last problem.
xX' =x+axxsina+ax(axx)(l—cosa). (38)
First, we replace x by o to get

e, =0p+axopsina+ax(axoy)(l—cosa). (39)



Then, since e, = (ojey ),
ejr = (ojlor+axXo,sina+ax (axoy)(l—cosa)l). (40)
Let’s look at the parts, starting with the second term:
(ojlax oy sinal) =0;-a X oy sina
= am0j - Om X O sina

= —4m0j - O} X Oy, sina

= —€jkmlm sina.
It may seem like I pulled a fast one here, but I didn’t. It’s true that
A=) amom, (41)
m
but since o; - & X oy, is antisymmetric in the indices, only the particular value
of the subscript m that is different from both j and k will survive. I called it
m, though m was a dummy variable.
The third term goes as follows:
(ojlax (axop)(l—cosa)])=0; -[ax (axog)(l—cosa)]
=0, -[(aa- o —ok)(1 —cosa)]
= (G ar — ;1)(1 — cosa).
Substituting all this back into (40), we get
€jk = 0,k COSA — €jpmbm sina + a;a,(1 — cosa) . (42)

&

Problem (3.9) page 294 of NFCM. Show that any unimodular spinor R can
be written in the form

1+uv
R=+ 2 T FF 43
where u and v are unit vectors. Then derive the trigonometric relations
1-+cosa

lo—__ - T7P7 44

2T 1t cosa) /2 (44a)
.1 sina
0= —————. 44b
sin 5a 2(1 + cosa)]1/? (44b)
We'll aproach the solution from the assumption that

+(uv)/?2=a+B, (45)



where « is a scalar and B is a bivector, both to be determined by the constraints.
Squaring both sides, we get

uv = (a? — | B|?) + 20B. (46)

This gives us
u-v=a’—-|BJ?, (47a)
uAv=2aB. (47b)

Now, we can determine a simple relation between o and | B |:
1 =vuuv = [(o® — |B|?) — 2aB][(o® — | B ) 4 2aB]. (48)
After multiplying this out and simplifying, we get that
l=a*+|BJ?. (49)
Next we add unity to both sides of (46):
l+uv=0a’+(1-|BJ?) +2aB =2a* +2aB. (50)

Reorganizing this, we have

1+uv

B:
@t 2

(51)

We’re almost there. Now we need an expression for the « in the denominator.
Eliminating | B | between (47a) and (49), and solving for «, gives us

a=[3(1+u-v)]/2 (52)
Substituting this into the last equation, we get

1+uv
B=—— 53
B e v (53)

which gives us the proof we needed for Eq. (43).
Returning to (43) and squaring both sides, we get

R’=uv=u-v+uAv=cosa+iasina. (54)

Then

R—e%a—cosla+iésinla— 14+ uv _ 1+cosa+iasina
R S R0+uv2 20 +uv)2

3 (55)

On equating the scalar and bivector parts of this last equation, we have that

1+ cosa

1

lg— Teosa 56
BT B cosa)]l/? (562)
Gnle—_Sme (56b)

[2(1 + cosa)]t/2"



&

Problem (3.10) page 294 of NFCM. Given that a rotation R(x) = RTxR has
the properties

R(axb)=axb, (57a)
R(a) =b, (57b)

show that ) 1y,
LR = ta . (58)

2(1+a1-b)]l/2

My plan is to just demonstrate that this spinor works. But first I need to
show that the product a~!b is unimodular.

1= (ba ')(a~'b) = a 2%, (59)

which implies that a = b, which we can also conclude from (57b). Furthermore,
Eq. (57a) tells us that the plane of rotation is orthogonal to a X b. An identity
we’ll soon need is that

qp=2p-q—Ppq. (60)
Now, with the definition K = [2(1 +a~' -b)]*/2, then

R(a )—RTaR
“2[1+ba']a[l+a'b]
la+b][1+a 'b]
2[a+2b+ba 'b]
[
[2

la+2b+b(2a~-b—ba1)]
’[20+a " b)b)]

=K~
K~
K~
K~
b.

(61a)

&

Problem (3.11) page 294 of NFCM. For the composition of rotations given by
the spinor equation
R1Ry = R3, (62)

where )
Ry, = e2™® = qy(1+iv,), (63)
derive the Law of Tangents:

Y1+ Yo+ 72 X7
=717

tan %ag =73 = (64)



RiRy = a1 (1 + iy )aa(l +ivyy)
arag[ 1 +i(y; +792) — 7172]5 (65)

But
i;
Ry = az(1 +iv;) = aras[1 +i(y, +72) —v172] = €2 (66)

On equating the scalar and bivector parts, we get:
Scalar Part: a3 = aras(l — vy - 7,) = cos 1a, (67a)
Bivector Part: azysi = aqasli(yy +7v2) — ¥ Ayp] =isinia. (67b)

Taking the dual of this last equation, we get

azYs = arce[ (Y, +72) + Y2 X ¥, ] =sin %a. (68)
Now,
sin 5a a3y
tanla=—2— = "5 = 69
anpa cos %a as 3 (69)

Using (67a) and (68), we have that

[N F75) £ X Vol _ NVt ¥ XY g

tanila = Y3 =
2 3 aras(l =7, - 72) =17

&

Problem (3.12) page 294 of NFCM. The sum of the diagonal matrix elements
frx of a linear transformation f is called the trace of f and denoted by Tr f.
Show that the trace of a rotation R is given by

’I‘rR:Zak~(Rak):1+ZCosa, (71)
k

where a is the vector angle of rotation.

It’s best to consider this problem as a corollary to problem (3.7). If we
remember how we derived the equation

ejk = 0,k COSA — €jpmm sina + a;ar (1 — cosa) , (72)
then the quantity ), o - (Roy) is just the value of ), epr. Therefore,

Tr R = Zekk = Z[ékk COS @ — €kl lm Sina + axar(l — cosa) |
k k

= 3cosa+dedk(1 —cosa), (73)
k

10



where we used that 1) Y, dxr = 3 and that 2) for every k, egrm = 0. Lastly,
since the ay’s are direction cosines, then

> apap = a7 +a3+a3=1. (74)
k

On substituting this last result into (73), we get

TrR:ZUk~(R0'k)=1+2cosa, (75)
k

where cosa = cosa.
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