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1 Reflections and Rotations

These notes cover pages 277 to 295 of NFCM [1].

I begin with the subsection: Matrix Elements of a Rotation.

Let a standard frame be given by {o;} (k = 1,2,3). Then, for each k,

e = RTO'kR = ZO’j €k
J

where R is the spinor of the rotation. Then,

€ 0Oy = E 05 0y¢€jk = €k

= (RTJkRJg ).
If we now parameterize R with the Euler parameters, we have
R=a+1i83,
and (2) becomes
((a —iB)ok(a+iB)oy)
((ao, —iBoy)(aop +iBoy) )
= (a?op0¢ + qiopBoy — aifoyo, + BorBoy)
= ’oy, - 0 + a(iB(0oeor, — okoe) ) + ( BorBor)
= a0k +2a(iB oy Aoy ) + (BorBoy) .

€0y =

Now, using that
€ijk = —(i0,050,) =0, -0 X 0,

by expanding 3 in a basis, (i8¢ A o) ) becomes

(iBogNog) = Zﬁjaj Nog Aoy )

_Zﬁj io; Aoy Aoay,) Zﬁjejek-



Then (4) becomes
ere :aQ(SM —20425j6jgk + <B0’kﬁ0'g>. (7)
J
We can now simplify the last term by using that Box = 28 - o, — 013:
(BorBoy) = ((2B - o — 01B)Bo¢)
=28-0x(Bor) — (018%0s)
= 2B4B¢ — B0 - (8)
And, then, (7) becomes
ere = a8 — 20 Z Bi€jor + 2BuBe — B0ke - (9)
J
We have one more simplification that arises from the fact that 8% = 1 — o?:
exe = (207 — 1)0pe + 2Bk — 200 Bjejon s (10)
J

which is Eq. (3.33) on page 286 of the text.

Page 287:

Our next task is to solve for R in terms of e, and o;. To accomplish this
we introduce the quaternion

T= Zakek = ZeijkUj . (11)
k 3k
Our game plan now is to relate T to the spinor R so as to solve for R as a

function of T'.

We can rewrite (11) as

T =Y orRloyR. (12)
k

Now we use that R = o+ i3 and that >k OkBor = —B, to get
T = Zak(a —iB)orR = aZokak R — iZUk,BUkR
k k k

= (3a+iB)R= (3a+ [@ — R'))R
=4aR—1. (13)

On reorganizing, we get
daR=1+T. (14)



On taking the scalar part of this last equation, we arrive at
40 = (1+T). (15)

Then, on multiplying (17) through by its reverse, we get that

160 = |1+ T, (16)
Solving (17) for R, we get
1+T 1+T
+R = = . 17
201+T)12  |1+T| (7
&
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