Problems from Chapter 5, Section 5
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1 Rigid Motions and Frames of Reference

Problem (5.1) page 315-316 of NFCM [1].
For a unitary rotor R = R(t) with the parameterizations
R=e1P2 — o 1+iB =a(l+iv), (1)

show that the rotational velocity iw = 2RTR has the following parametric ex-
pressions:

w=2(af—aB+Bxp), (2)
where a2 + 3% =1 and aév = —8 - 3. Then
Y XY
=2 (7). Q
and, lastly,
w=mna+nsina+n X n(l —cosa), (4)

where n? =1, a = an, and n X n = nn.

First, we establish (2):
w=-2iR'R

= —2i(a —iB) (& +iB)

= —2i((a —iB)(& +iB) )2

= —2i(ad +iaf —iafB + BB )s

=2(af —aB —iB A p)

=2(aB—aB+ B x B). (5)
To establish (3), substitute into (2) B = a~, etc, and that o? = 1/(1 + ~?).

To establish (4), make the substitutions

a=cos ia, B =mnsin ja, (6a)

. 1 1 e I 1 1 - 1
o = —501511'1 5017 B = nsin §a+n§acos E(I, (6b)



into (2) , to get

1 1

2 2 T2
+ (nsinia) x (asinia+nlacosia)],

2

which, on employing the trigonometric identities

221 21, _
sin” sa+cos” 5a =1,

*la=3(1—cosa),

S 2

becomes
w=mna+nsina+n xn(l—cosa).

&
Problem (5.2) page 315:

w = 2[cos sa(nsin fa + niacos 3a) — (—iasin a) nsin 3a

Four time-dependent unitary spinors Ry satisfying Ry = %Rkﬂk are related by

the equation
Ry = R1RoR3.

Show that their rotational velocities are related by the equation

Q4 = RI(RIQ Ry + Q2)Rs + Q3.

Proof:

First, '
Q, =2RIR,.

On differentiating (10), we get

Ry = RiRyR3 + RiRoR3 + RiRyR3
= 3[R1Q1 RoRs + Ry Ry Rs + R Ry RsQs ).

Therefore,
Q, = RIRIRI[ R Qy RyRs + Ry Ry Ry + Ry Ry R3S ]
= RL(RIQ Ry + Q2)Rs + Q3.

&
Problem (5.3) page 315-316:

For unitary spinor R = R(t) with Eulerian parameterization

1. 1. 1.
_ 5io3Y 5i010 5io3¢p
R=e2 e2 e2 ,

(10)

(13)



show that the rotational velocity iw = 2RTR has the parametric form

w:q'ba'g—kéa'?x\n—i—qbn,

where
n=RlosR=03c080 — 0267 sinb,
and )
o3 X1n 1, .
o3 Xn=—"" =29 — g, cosp + Tasing,
|os X nj
Proof:

We begin with (11)
Q = iw = R{(RIQ Ry + Q) R3 + Qs
where L ) L
R] — 657;0'3111, R2 — egiaje’ R3 — eiiﬂ'g(ﬁ .
So, (19) becomes
1. 1, 1. 1.
w = e_iww(e_f“’leiwleiwle + iws)e2"73 4w,
We can drop the common factor of i,
1. 1. 1, 1.
w=e"230(e721710,621910 | ()21 |y
Next, we use the fact that
wi 203?/}, w2 = 019, w3 =U3¢5a
to get
1. 1. Y .1, .
w= 67510’3(25(67510’100'32/16510’10 + 0'19)65“73(1) +0o3¢.
Pulling o1 and o3 to the left, we get
.1 ) 1, 1, .1 .
W= 03w6—21¢73¢ (610'10)6210'3¢ + €—2za3¢ (0’19)6210‘3@5 + 0,3¢

- (ba-?’ + 0'31/.)6_%i63¢ (61010)e%i03¢ + (Ulé)eias¢

(23)

(24)

: Y 1. .
= o3 + ozpe 27 (cos + ioy sin0)e2'7? + (010)(cos ¢ + iz sin @) .

Continuing, we have that

: . 1. 1, .
W= ¢os+ osi[cosd + e 27 (ig sin0)e2'73] + (016)(cos ¢ + io3 sin ¢)

= dos + o31p[cos O + (io sin 0)e’72? ] + 9(0'3/><\n)
= o3+ ’(/')[0'3 cosh — aoe’?3? sinf] + 9'(a'?-><\n)

= q303 + 1/}n + éajx\n.



&
Problem (5.5) page 316:

FIll in the steps in the derivation of Eq. (5.17) in the text.

Proof of the relation (see p. 310, Eq. (5.17)).
R(w X x) = R(w) X R(x),

under the rotation
R(x) = R'xR.

Proof: We begin with the identity

axb=—iaAb=—il

5(ab —ba).

R(w X x) = RT[ 1(wx — xw)]R

2[R (wx — xw)R]

= zguﬂwRRde R'xRR'wR]
LR(@)R(x) - RE)RW)]

=R(w) X R(x).

Now, R(w) = w’ and x' = R(x) + a, hence

—1

= —1

R(w x x) =w' X (x' —a).
&
Problem (5.6) page 316:
Derive Egs. (5.19) and (5.23) directly, using
R=10QR.

Proof of Eq. (5.19) (see p. 311). We begin with
x' =R(x) +a,
and differentiate, to get
% =R(x) + R(X) +a
= RI(x)R+ RI(x)R+R(X) +a

= (—3R'Q)(x)R + R'(x)(3QR) + R(%) +a

= R'[3(xQ — Qx)|R + R(X) + a
=RI(x- QR+ R(%)+a
=R(x-Q+x%)+a.

Equation (5.23) is left to the reader.

(25)

(26)

(27)

(30)

(31)

(32)
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