Notes on Chapter 9 Section 1

P. Reany
August 26, 2021

1 Problem

These notes cover pages 574 to 588 of NFCM [1].

2 Page 580

Show that o
(MN)”=NM,

given that
M~ = (M) — (MT)_ = (M) - (M)_).

My plan is to use (2) to separately expand both sides of (1) and then meet in the middle.

Every multivector A can be expanded as the sum of its even- and odd-graded parts,

A=A +A_.
Thus
NM = (N4 + N_)™(My + M_)~

= (NL - N} - ')

_ T Toast Tast

= Nml - Nimt - NEME o N

:

= NIM! 4+ +NTMT — (NIMT 4 NET.

And

MN = (M + M_)(Ny + N_)
=M Ny +M,N_+M_N,+M_N_
= (MyNy +M_N_)+ (MyN_+ M_N,),

S0,

(MN)™ = (MyNy + M_N_)' = (MyN_+ M_N,)f
= NIME 4N M — (VM N,

And so we have established (1).
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Here T will show how to find (1.21)

Iy +qv/e
BECEEEE @)
from (1.20a) Y
L2:7<1+2), 8)

by taking the square root. I can do this by employing the methods of the unipodal algebra. But,
first, let’s simplify the expression in (8). We rewrite it as

L*=a+bv, (9)

where a = v, b= yv/c, V is a unit vector, and a® — b* = 1.

Lemma 1:
Here we deal with the typical relations common to special relativity regarding v and v/c.

Let

Nl=
—
—_
o
=

Zy =(a+b)? + (a—b)
On squaring this and simplifying it, we get

Z:=2(y+1). (11)
On taking the square root of this we get
Zy=[2y+1)2. (12)
By similar reasoning, if we set
Z_=(a+b)?—(a—0b)7. (13)
On squaring this and simplifying it, we get
Z2 =2(y—-1). (14)
On taking the square root of this we get
Z_=[2y-1)]2. (15)

Now, L? in (9) is just a unipodal number in standard basis {1, vV}, and we can directly take its
square root once we’ve put it in the idempotent basis

uy = 3(1+9) and  u_=3(1-V). (16)

It’s easy to show that
uy +u_ =1 and Up —U_ = V. (17)

Now, L? in (9) can be put into the form

L* =a(uy +u_) +bluy —u_), (18)



which simplifies to
L? = (a+b)uy + (a —b)u_, (19)

Now, we just take the square root:
iL:(a+b)%u++(a—b)%u_. (20)

Great, but now we’ve got to return to standard basis:

+L=(a+b):51+9) + (a—b)3L(1—¥)
1
2

H(a+b)% +(a—b)
:(a;—l)é_’_(a;l)E‘}‘ (21)

Now we use the results of the lemma above:

£ = 3267+ D + 320 - Db = (1) 4 (151) . (22)

On multiplying the numerator and denominator of the RHS side by [2(y + 1)]%7 and simplifying,
using that 42 — 1 = yv/c, we get

1+~y+9v/c
=" 23
21 )7 %)
Lemma 2:
The Fundamental Theorem of Exponentiation in the unipodal algebra:
S S TR T (24)
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My goal is to show that the text equation (1.29) is true:
tanh a = - . (25)
c
We begin with
L? =y +~yov/c. (26)
On setting L? = €2, we need a way to expand e?.
We start as we did last time. With a = aa:
uy = 3(1+4a) and  u_=3i(1-a). (27)
It’s easy to show that
Uy +u_ =1 and Up —U_ = 4. (28)
To apply (24), we set
a=aa=alu;s —u_)=auy —au_. (29)
Then,
e = et t(ma)us — gay 4 ey (30)



Expresssing this result in the standard basis, we get

>
Il

e =1(e"+e ) +i(e"—e?)

Hence, from the components of (26),

Lemma 3:

cosha + asinha.

(32)

(33)

This lemma is a corollary of Lemma 2. Because the scalar multiplier in the exponent of the
fundamental theorem of exponentiation in the unipodal algebra can be complex, the theorem can

be used to prove that

1. .
e 2% = cos %b—ibsinb.

Useful intermediate results are that

cosh (—%zbf)) = cos 3b and sinh (—%zbf)) = —ibsin i
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Here we will show that a general Lorentz transformation L can be factored as

L =RB,
where R and B satisfy the properties: B

R =R,
and

B'=B.
We begin by defining the multivector A:

A=LL".
From (1.18b), we have that o

LL=LL=1.
Then
AA = LLY(LLT)™

= LL'LTL

=L(LL)'L

=1.
And now,

Al = (LN = LVTLT = LLT = A.

b= —isin%b.

(34)

(35)

(39)

(40)



From the material at the bottom of page 581, we have determined that A is a particular kind
of Lorentz transformation, called a Boost, which has the form of a scalar plus a vector. We found

that taking the square root of (9) produced (22).

We’ve been asked to prove some properties of B, which is the square root of A. Thus, if we start

with A in the form
A=a+bv,

and since AA = 1, then a? — b? = 1. On taking the square root of A, we get that

1 1
B At _ (a—2#1>2+<a—1)2‘7.

Therefore,

Now, since B is a scalar plus a vector, it’s invariant under the reversion operation, hence,

Bt =B.
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Our job now is to show that we can solve for b in

_ —1ib
BQBl = B36 27,

where ) /
+ Vi Yk /€
By = ap +bpvy = Vi .
T T R 2 T RO+ 2
to get
tan %b = Vi X V2

AL+ N+ ) +vieve
We will also need (34) and

Vi +V2+(’}/2_1 — 1)\72 X (Vl X {’2)
14 vy va/c? '

Now, we plug in, expand, and then take the appropriate graded parts as needed.
(a2 + bava)(ar + b1vy) = (a3 + bgvs)(cos %b — 4sin %b) ,

Expanding, we get

asa1 + asb1vy + baa1 vy + babivovy = ag cos %b — iag sin %b + bs(cos %b)Vg, — ib3vgsin %b.

Now, we equate the scalar parts:

asaq + bobive - v = as cos %b,

(43)

(44)

(45)

(46)

(52)

(53)



from which we get

babyvs -
cos %b _ f201+ B2B1ve - W . (54)
as
Now, we equate the bivector parts:
bobiva A vy = —iagsin %b R (55)
from which we get
bab X
sin b = 0201V1 X Va2 (56)
as
From there we can form the tangent of %b:
Vi X Vg
tan b = aia; . (57)
ViV
b1by 1°V2
Given that |+
ai 71
21 , 58
b e (58)
and that
ay 147 (59)
b2 "}/2/6 ’
then
T2 = P+, (60)
b1bo

Plugging this result into (57) yields (49).
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