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1 Introduction

Our first task will be to connect the familiar construction of the ellipse on a flat
surface to its standard equation in the x,y-plane. In the last section, we will
present the standard names parts of the ellipse.

2 Theorem One

It’s a well-known trick that one can draw an ellipse by affixing a length of string
to two fixed points in a plane. The length of this string must be longer than the
distance between the two fixed points. Then place a sharpened pencil against
the string and push the pencil against the string with just enough force to keep
the string taut and then slide the pencil tip freely left and right over the flat
surface, while maintaining the same tautness of the pencil against the string.
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Figure 1. The ends of a string are attached to a flat surface at points (—c, 0)
and (c¢,0) shown as lying on the z-axis. The points at which the curve crosses
the z-axis are at (a,0) and (—a,0). It crosses the y-axis at (0, ) and (0, —b)
Of course, the origin of the coordinate system lies halfway between the fixed
points, (—¢,0) and (¢, 0), which are known as the foci of the ellipse.



If we assume that the string is inextensible during this operation, then the total
length of the string is constant (say, equal to L) and this is required for our
analysis.

We're defining the curve that can be constructed by the above procedure as
an ellipse.

Now, our first major theorem is to how that

A =a% -0, (1)

3 Proof of Theorem One

By our construction
L= Ll + L2 ) (2)

where L1 and Lo are the lengths of the string segments from the point P to
the fixed points (—¢,0) and (¢,0). Of course, the values in (1), although al-
gebraically precise, are, in practice, only approximately precise because of the
finite thickness of the strng and the pencil tip and related issues of its construc-
tion on paper.

Think of the point P in Fig. 1 as where the tip of the pencil is at a given mo-
ment. When P is on the y-axis, then L1 = Lo and we can used the Pythagorean
Formula to prove that

L=V +(—c)® and L3=10>+c>. (3)

So, we're halfway there. All we need now is a relationship between the L’s and
the number a. When the point P lines on the +z-axis at point (a,0), then
Li=]la—(—c¢)|=a+cand Ly =|a— (¢)| =a—c. Thus,

L=Li+Ly=a+c+a—c=2a. (4)
But from (3) we also have that
L=1Li+Ly =20+ . (5)
On combining these last two equations, we have that
o= VETE. (6)

We can solve this last equation for ¢? to get

A =a® -1, (7)



4 Theorem Two

Show that the equation for the ellipse can be expressed in coordinates as
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Figure 2. Here, we setup the problem in terms of abstract vectors.
We begin with the equation
D =x; + x5, 9)
and, as before, we add the constraint,
x|+ %2 =p, (10)

where, in time, we’ll substitute that p = 2a. Let the vector x be the vector
going from the origin to the point P = (z,y). Then

x=1D—x, =+x; — 3D, (11)
Now let’s write x; and x5 in terms of coordinates:
x1=(z+3D,y), xo=(-z+3D,~y), (12)
But, since %D = ¢, we have
x1=(x+c¢y), x=(—xr+c¢—y), (13)
On squaring (10) and then rearranging it, we get that

2 2
2|x1| [x2] = p* = (%1 |" + [x2]%), (14)



Squaring this last equation gives
4% Pxa|? = p* = 20% (|31 P+ [ x2 )+ |30 [* 4 [ %2 |* 2|30 [P x2 |
Simplifying a bit, we get

0=p"—202(Ix1 P+ | %2 |?) + | %1 |* + | %2 |* = 2| x1 2| %2 |
2 2 2 2
=p' =20 (Ix1 [+ [x2 ") + (| x1 | — |x2]).

If we add 4p2 | x| to both sides, we get

2 2 2 2 2
40 |x2 " = p* =207 (| x1 |7 = [ %2 [F) + (|x1 |” = | %2 [7)?

=[P = (x [ = |x2[)]
From (13), we get

Ix1 | =22 + y? + 2cx + 2,
%2 > = 2?2 4y — 2cx + 2.
Hence,
Ix1 |2 = |x2|* = dex,

and since p = 2a, then (17) becomes
16a% | x2 |* = [4a® — 4cz]?.

Simplifying,
(a® — A)a® + a®y? = a* — a®c?.

Dividing both side by a* — a?c?, we get
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But from (1) we know that a? — ¢? = b2, thus
22 P

ateE=h

which is what we were to show.

2

(20)

(21)



6 Standard Named Parts of the Ellipse
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Figure 3. The standard names of the ellipse.

The line segment from points (—a, 0) to (a, 0) is called the major azis, which,
by the way, is the longer of the two axes. The line segments formed by divid-
ing the major axis at the center point are called the semimajor azes. In the
y-direction, we also have by similar definition, the minor azis and the two
SEMIMInoT axes.

Definition: The focal length of an ellipse is the distance from the center of the
ellipse to one of its foci. According to Figure 3, that would be the number c.
Definition: The points (—a,0) and (a,0) are called the vertices of the ellipse.

Definition: The eccentricity, denoted as e, is the ratio of the focal length, ¢, to
the length of the semimajor axis, a:

[SH e

e (24)
So, there are two facts worth remembering about eccentricity. First, if we
rescale a given ellipse, its eccentricity will remain the same. Second, if we
deform an ellipse such that its eccentricity goes to zero, then the shape of the
ellipse approaches the shape of a circle.

7 Conclusion

There’s a lot more to say about ellipses in the cartesian plane than I have
bothered to include here, such as, placing the center of the ellipse at some
arbitrary point (m, k). We can also rotate the ellipse by some arbitrary amount
about its center point. Appropriate textbooks will do all that for you.

Finally, if you compare my derivation of Equation (8) to that of many stan-
dard approaches, you may find that abstract vectors are dispensed with in the



computation and only coordinate vectors are used. So, maybe in two dimensions
that gives us a shorted proof.

My own philosophy is to try to produce proofs involving vectors that takes
the proof as far as it can go with abstract vectors before substituting in their
coordinate values. So, if the problem is in four or more dimensions, say, the
proof may be shorter by sticking to abstract vectors for as long as you can.



