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Abstract

Herein are selected problems and their solutions from Elementary Linear Algebra, 2ed by Howard
Anton.! T’ll present here mostly solutions to problems, but not much of the theory that goes
with it.

1 Chapter One
Problem5. Solve each of the following systems by Gaussian-Jordan elimination (p. 17).2

(a)

2131 + To + I3 = 8
3561 - 21’2 - I3 = 1 (1)
4ry — Txo + 323 = 10

First, we convert the set of simultaneous equations into an augmented matrix form. The goals are
1) to replace the nonzero entries of the bottom left of the matrix with zeros, and 2) replace the
entries on the main diagonal by 1’s, though this isn’t imperitive to do this until the last steps. (In
some problems, waiting could reduce the number of fractions to deal with.) Thus,

2 1 1| 8 1 -3 2|7 |rog—m
3 -2 -1 1| —1|1 =5 4 9 | r3g —12
4 =7 31|10 0 -9 1| -6 | r3—2r

T’ve recorded the specific row operations I've performed along the way. For example, the expression
ro —r1 means that the first row has been replaced by the result of subtracting the second row from
the first row. It’s important to finish off a column before moving to the next column. Therefore,
we need to put a zero in the first column, second row.

1 -3 -2| -7 1 -3 -2 -7
— 0o -2 6 16 T —T1 — 0 1 -3 |-8 ’1“2/(—2)
0 -9 1] -6 0 -9 1] -6

I set the pivot in the second row, second column to unity because it was easy to do without
introducing fractions (or introducing more fractions as the case may be).

1 Elementary Linear Algebra, 2ed by Howard Anton, Wiley, New York, 1977.
2There are three problems listed here but I’ll only do the first two.



1 -3 =2 -7 1 1
— | 0 1 -3| -8 — |0 1 —-3|-8
0 0 —26|—-78 | 9ra+7r3 0 0 1 3 | r3/(—26)
Okay, for the purpose of Gaussian elimination we’re finish. What’s left to do now is to perform

‘back substitution’. So, let’s do it. We begin on the bottom row. Clearly, we obtained z3 = 3.
Then, using this value in the second row, we get

T — 3%3 = *8, (2)
or
r2 —3(3) = -8, (3)
leaving us with
To = 1. (4)

Now there’s only x; to calculate. Starting with

T1 — 3x0 — 203 = —T, (5)
we get
x1 —3(1) —2(3) =-7, (6)
which gives us
Putting them together, we have that
.’L‘1:2, 1‘2:1, 1‘3:3. (8)
5. (b)
X + 2 + x3 = 0
—2r1 4+ bSr9 4+ 223 = 0 (9)
—7561 + 7132 + T3 =0

As before, we convert the set of simultaneous equations into an augmented matrix form.

1 1 110 1
-2 5 2|0 —10
-7 7 1]0 0

1 Tr1+rs
Then,
11 110 11 1 |0
— |0 7 4]0 — | 0 1 4/7]0 | ra/7
0 0 0|0 | 2rg—rs 00 010
Let’s go one more step:
1 0 3/7 0 T — T2
— | 0 1 4/7|0
00 010



Okay, since we have found the system to have effectively one fewer equations than unknowns,

we must solve for two of them in terms of the third. To do that, let’s set x3 = ¢, then zo = —%t,
and z1 = —%t. This solution is in the form of a parameteric equation of a line through the origin.
-3/7
x=|-4/7]¢, (10)
1

where ¢ ranges over all real numbers. Hence, we get the same solution by replacing ¢ by —7t/,
yielding

x=[4 |, (11)

where ¢’ also ranges over all real numbers.

Problem 12. For which values of a will the following system have no solutions? Exactly one solution?
Infinitely many solutions?

r + 2y + -3z = 4
3 — y + 5z = 2 (12)
dr + y + (a®>-14)z = a+2

As before, we convert the set of simultaneous equations into an augmented matrix form.

1 2 -3 4 1 2 -3 4
3 -1 5 2 — | 0 =7 14 —10 ro — 311
4 1 a®2—14|a+2 0 -7 a*—2|a—14 | r3 —4m
1 2 -3 4
— | 0 =7 14 —-10
0 0 a2—16 a—4 rs —T9
Analysis:
Case | : a=+4 infinite solutions
CaseIl : a=—4 no solutions
CaseIII : |a|®>#4 one solution
Page 28

Problem 3. Solve the following matrix equation for a, b, ¢, and d,

a—1b b+c | |81
e )= |7 ] 13

Solution 3. Since we are solving for four unknowns, let’s restructure (13) to get

N OO
OO ==
O~ Rk O
=W OO
Qo e
S N~ 0o



Now, we convert to augmented form and use elimination.

1 -1 0 0]8 1 -1 0 o] 8
0 11 o0l1 o 11 ol 1
o o1 3/7| "lo o1 3| 7
2 00 —4/6 0 2 0 —4|—-10 | r—2r
1 -1 0 0| 8 1 -1 0 0]8
N I T N A o 1o
o o0 1 3| 7 0 0 1 3|7
_0 0 -2 —41|-12 T4 — 279 0 0 0 2|2 T4 + 273
[1 -1 0 08 1 -1 0 018
0 11 01 0 11 01
7lo 01 3|7 1o 01 04| r5—3n
(0 0 0 1]1] ry2 0 00 1|1
1 =10 0] 87 100 0| 57 r4m
0 1008 - [0 10 0|3
0 01 0| 4 00 10| 4
0 00 1| 1] 000 1| 1
Therefore, we have
a=5 b=-3, c=4, d=1. (15)

Page 29, Problem 11. Show that the product of two diagonal matrices is diagonal.

Solution to Problem 11. This is easy to prove once you have a formula to multiply any two square
matrices. Let A and B be two square matrices of dimension n x n. First, know that the product of
two n X n matrices is another n X n matrix. Let’s define the product of these two matrices as M:

M = AB. (16)
Second, the ijth component of M, or M;;, is given by the multiplication rule:

M;; = [row i of A]{column j of B]T

=[Au, Ain, ..., Ain|[Byj, Baj, ..., Bpj ] *
= AilBlj + AigBQj +...+ Aann] . (17)

Now, technically, all we need to do is to show that a given matrix is diagonal is to show that all of
its off-diagonal elements are zero.

A random element of M below the main diagonal satsfies the constraint on the indices i > j for
i the row and j the column. But with so many zeros as the entries of both the row and column
vector, the only product that is nonzero in the sum is when all the indices are the same. Such a
product would look like AggByr. But there is no index & that can satisfy the index constraint we’ve
imposed.

Hence the entries below the main diagonal are zero. And by a similar argument, the entries
above the main diagonal are also zero. Thus, we have proved that the product of two diagonal
square matrices is a diagonal matrix.



Page 38, Problem 19. Let AX = B be any consistent system of linear equations, and let X; be
a fixed solution. Show that every solution to the system can be written in the form

X =X, + X, (18)

where X is a solution to
AX =0. (19)

Show also that every matrix of this form is a solution. (I don’t know what this means.)

Solution to Problem 19. This harmless looking problem hides a profound truth that you will
likely run into again in other math subjects where linear systems occur. A system of the type found
in (19) is said to be homogeneous and its solution Xy is said to be the homogeneous solution. The
solution to AX = B is called the particular solution for it depends on the particular form of the
matrix B. That X in (18) is also a solution of AX = B is proved just by substitution into it. Hence,

AX = A(X1 + Xo) = AX, + AXg=B+0=B. (20)

By the way, X in (18) is called the general solution.

Page 45, Problem 6d. Find the inverse of the following matrix using elementary row operations.

IS IEN N
oo

Page 45, Solution to 6d.

First things first. What’s the theory behind this? Given a presumably invertible n x n matrix
A, we’ll begin with the following steup:
[A[T], (21)

where [ is the n X n unit matrix. Next, we’ll perform any allowable elementary row operation F
on both sides of the vertical bar, as such

[E1A|Eil] = [E1AlE ], (22)

with the goal of reducing A one set closer to the unit identity matrix. Now, we’ll repeat this process
until the LHS of the bracketed quantity has become the identity, that is

[(HEi>A!1:I1Ei]=[I!1:I1Ei]~ (23)

i=1

where k is some positive integer. We’re almost finished.
We have that

So, now just multiply by A~! on the right on both sides:

k
[[E=4a" (25)
i=1



But Hle E; is what we arrived at on the RHS of the bracketed quantity in (23).

So, let’s replace A above by [A|I]:

2 6 61 0 O 2 6 6 1 0 0
[AlI]=1]2 7 6[0 1 0| — |0 1 0[-1 1 0|rp—m
2 7 710 0 1 01 1|-1 0 1] rz—mnr
(2 6 6 1 0 O 2 6 0 1 6 —6 | r —6r3
— |10 1 0] -1 1 0 — |10 1 0] -1 1 0
_0 0 1 0 —1 1| rg—mro 0 0 1 0 -1 1
(2 0 0] 7 0 —67 r —6r 1 0072 0 —37r/2
— 10 1 0|-1 1 0 — 10 1 0] —1 1 0
00 1] 0 -1 1 001 0 -1 1
Therefore,
7/2 -3
Al = -1 1 0
0 -1 1

Page 46, Problem 11. Express the matrix .

1 3 3 8
A= -2 -5 1 -8
0 17 8

in the form A = EFR, where E and F' are elementary matrices, and R is in row-echelon form.

1 3 3 8 1 3 3 8
-2 -5 1 8| —]10 17 8| 2r1+mr
0 1 7 8 0 1 7 8
1 3 3 8
— |0 1 7 8
0 00 0| —rog+4rs
Hence,
1 3 3 8
R=]0 17 8 (26)
00 0 O
But
R=F'E'A (27)

So, the matrix E~! is the elementary matrix corresponding to the first row operation performed on
the matrix A. The first row operation we performed was to replace row 2 by 2r; + 79, leaving the
first and third rows unchanged. Hence

1
El=12 (28)
0

O = O
_ o O



and from this we get that
100
E=]1-2 1 0]. (29)
0 0 1

The next matrix F'~! is the elementary matrix corresponding to the next row operation performed on
the matrix F~'A. This row operation has the effect of leaving the first and second rows unchanged,
but replacing row 3 by row 3 subtracting row 2, Hence

1 0 0
F7'=10 10|, (30)
| 0 11
and from this we get that )
1 00
F=1|0 10 (31)
10 1 1
Finally,
1 3 3 8 1 00 1 00 1 3 3 8
-2 51 8 |=|-210 010 01 7 8 (32)
0 1 7 8 0 0 1 011 0 00 O
Page 52, Problem 9. Consider the matrices
2 2 3 T
A=1|1 2 1 and X =| x
2 -2 1 T3

(a) Show that equation AX = X can be written as (A — I)X = 0 and use this result to solve
AX = X for X.
(b) Solve AX =4X.

For part a) AX = X can be rewritten as AX = IX, where [ is the 3 x 3 unit matrix. Then,
(A—1)X = 0. Written out, we get

1 2 3 1 2 3
(A-I)~ |1 1 1| —1|0 1 2 | rp—re
2 =20 0 —4 -2 | r3—2r
1 2 3 1 0 2 | r—rs
— | 0 1 2 — | 0 1 2
0 2 1 (—1/2)7”3 0 0 -3 rs3 — 2’/‘2
1 0 2 1 0 O T — 27"3
— 01 2 — 01 0 ro — 213
00 1| (=1/3)rs 00 1
Now, we set
1 00 b 0
01 0f]|a|=1]0 (33)
0 0 1 T3 0



So, the only possible solution this can have is

X1 0
I3 0

This is not a surprising result. We will find out later that the action of an invertible linear trans-
formation can only send the zero vector of the domain to the zero vector of the codomain.

Part b) is left for the reader.

Page 53, Problem 14. Let AX = 0 be a homogeneous system of n linear equations in n unknowns
that has only the trivial solution. Show that if k is any positive integer, then the system

APX =0 (35)
also has only the trivial solution.
Solution: This looks like a simple induction problem. We're already given the base case, that
AX =0 (36)

has only the solution X = 0. Now, we assume that (35) is true with only the trivial solution, and
show that
AMIX =0 (37)

is true with only the trivial solution. Assume not. Then
AMIX =0 (38)
has a solution other than the trivial solution. Then
ALY = A(AFX) =0. (39)

So, we must have A¥X = 0, but with X nontrivial, which is a contradiction. Hence, (38) must
have only the trivial solution. And we’re done. Thus, by the Principle of Mathematical Induction,
A*X = 0 has only the trivial solution for all positive integers k.



