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If you’re not in love with the Truth, you could be
talked into believing almost anything.
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1 The Problem

Given the relation
|z + w| = |z|+ |w| , (1)

find the values of
ϕ ≡ Im

( z

w

)
. (2)

2 The Preparation

We will write z, w in the polar forms:

z = |z|eiθ and w = |w|eiω . (3)

3 The Solution

Let’s begin by squaring both sides of (1).

|z + w|2 = |z|2 + 2|z||w|+ |w|2 , (4)

The LHS of this equation can be expanded as

(z + w)(z + w ) = zz + zw + wz + ww = |z|2 + zw + wz + |w|2 , (5)
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If we compare this to the RHS of (4), we get some canceling:

zw + wz = 2|z||w| . (6)

Dividing through by 2|z||w|, we have that

eiθe−iω + e−iθeiω

2
= 1 , (7)

which can be reexpressed as

ei(θ−ω) + e−i(θ−ω)

2
= 1 , (8)

But since

cosα =
eiα + e−α

2
, (9)

then
cos (θ − ω) = 1 . (10)

But this forces the sine of this angle to be zero!

sin (θ − ω) = 0 . (11)

Now,

ϕ = Im
( z

w

)
= Im

(
|z|eiθ

|w|eiω

)
=

|z|
|w|

Im(ei(θ−ω)) =
|z|
|w|

sin (θ − ω) = 0 . (12)
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