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1 The Problem

Given the relation
zi = iz , (1)

find the values of z.

2 The Preparation

I intend to use the Lambert W function, which goes as follows: If

zez = B , (2)

then
z = W (B) , (3)

where there are domain constraints on B that we won’t go into here. Warning:
This can be a complicated (multi-valued) function to deal with.

A lemma I’ll need from the theory of the LambertW function is the following:
If

y ln y = B , (4)

then
ln y = W (y ln y) = W (B) . (5)
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3 The Solution

Before I begin, let’s look at the solution as given by WolframAlpha: z = −i. I
suppose that this could be called the ‘trivial’ solution, but my answer is some-
what different.

The natural action to begin with is to take the logarithm across (1):

i ln z = z ln (i · e2πin) = z ln (eiπ/4+2πin) = zi(π/4 + 2πn) for n ∈ Z . (6)

Next, multiply through by i and divide through by z:

−z−1 ln z = −(π/4 + 2πn) for n ∈ Z , (7)

which can be rewritten as

z−1 ln z−1 = −(π/4 + 2πn) for n ∈ Z . (8)

Now we can take the Lambert W function across this equation.

ln z−1 = W (−(π/4 + 2πn)) for n ∈ Z . (9)

So, finally, we get for z:

z = e−W (−(π/4+2πn)) for n ∈ Z . (10)
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