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In the middle of difficulty lies opportunity.
— John Archibald Wheeler
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1 The Problem

Given the relation
2a = 3b = 5c , (1)

find the values of
ϕ =

c

a
+

c

b
. (2)

And for fun, find the values of a, b, c.

2 The Solution

Apply to (1) log base 10.

a log 2 = b log 3 = c log 5 , (3)

From this last equation, we can extract ratios:

c

a
=

log 2

log 5
,

c

b
=

log 3

log 5
. (4)

Therefore,

ϕ =
log 2

log 5
+

log 3

log 5
=

log 6

log 5
. (5)

Now for the values of a, b, c. Let’s begin with a change of variables:

2α log 3 = 3β log 2 = 5γ log 3 . (6)
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Again, we take the log base 10.

α log 3 log 2 = β log 2 log 3 = γ log 3 log 5 . (7)

From the leftmost expression and the center, we get

α = β = 1 , (8)

implying that
a = log 3 , b = log 2 , (9)

But we also have that

β = γ
log 5

log 2
, (10)

hence,

γ =
log 2

log 5
. (11)

Therefore,

c = γ log 3 =
log 2 log 3

log 5
. (12)

And finally,

ϕ =
c

a
+

c

b
=

log 2 log 3 / log 5

log 3
+

log 2 log 3 / log 5

log 2
(13a)

=
log 2

log 5
+

log 3

log 5
(13b)

=
log 2 + log 3

log 5
(13c)

=
log 6

log 5
. (13d)

Comment: The lack of symmetry of these values for a, b, c indicate that these
values are not unique, and that they can only be determined up to proportions.
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