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1 The Problem

Given the relation
f(x, y) = exy , (1)

subject to the constraint

g(x, y) = x3 + y3 = 16 , (2)

find the critical points of this system.

2 The Solution

We will use the method of Lagrange multipliers to solve this problem. Hence,
with the understanding that

∇ = σ1∂x + σ2∂y , (3)

we write
∇f(x, y) + λ∇g(x, y) = 0 , (4)

where λ is a Lagrange multiplier, which we won’t need to solve for. First, we
rewrite (4) to this

∇f(x, y) = −λ∇g(x, y) , (5)

then we write

(σ1∂x + σ2∂y)e
xy = −λ(σ1∂x + σ2∂y)(x

3 + y3) . (6)
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From this we get

σ1ye
xy + σ2xe

xy = −λ[σ13x
2 + σ23y

2] . (7)

On equating like components, we get

yexy = −λ3x2 , (8a)

xexy = −λ3y2 . (8b)

By dividing these last two equations, we have that

x

y
=

3x2

3y2
, (9)

which simplifies down to
y3 = x3 , (10)

and so
y = x , (11)

If we put this last equality into (2), we get

2x3 = 16 , (12)

which gives us x = 2. But from (11) we also get y = 2. Therefore we have the
single critical point (2, 2).
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