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1 Problem

Given the relations (in a conformal field theory)

∂µϵν + ∂νϵµ =
2

d
(∂ · ϵ)ηµν , (1)

and (
ηµν□+ (d− 2)∂µ∂ν

)
(∂ · ϵ) = 0 , (2)

where
□ ≡ ∂ρ∂ρ , (3)

show that, if we assume that ϵµ has a solution in the form

ϵµ = ωµ
ν x

ν , (4)

then ωµ
ν is an antisymmetric tensor for condition d > 2.

2 Set up for conformal field theory in d dimen-
sions

First, we define a manifold to work on. Let our manifold M be R (p,q), where p
is the number of basis vectors that square positive, and q is the number of basis
vectors that square negative. [p+ q = d]

Now for the metric:
ηµν = gµν . (5)
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Note
gµνgµν = ηµµ = δµµ = d . (6)

Note: See Problem 786 for additional set-up information.

3 Solution

Note: We assume the commutivity of partial derivatives!

Let’s put our ansatz solution (4) into (1) to get

∂µ(ωνβ
xβ) + ∂ν(ωµβ

xβ) =
2

d
(∂βω

β
ξx

ξ)ηµν . (7)

From this we get

ωνβ
δβµ + ωµβ

δβν =
2

d
ωβ

ξδ
ξ
βηµν . (8)

which simplifies further to

ωµν + ωνµ =
2

d
ωβ

β ηµν . (9)

Let
C ≡ ωβ

β , (10)

then (9) becomes

ωµν + ωνµ =
2

d
Cηµν . (11)

If C ̸= 0 then
ωµν + ωνµ ∝ ηµν , (12)

else
ωµν + ωνµ = 0 , (13)

in which case
ωµν = −ωνµ , (14)

and ωµν is an antisymmetric tensor.
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