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1 Problem

We are given the equation of a line L in the plane in standard form as!

ar +by+c=0. (1)

Let p be any point not on L. Our task is use geometric algebra to find the
reflection on p through the line L We’ll call this point p’. Refer to Fig. 1. Show
that p’ can be found from the given information as

P =p—2(p—x0) nn, (2)

where x( is any point on L.

p ax+by+c=0

IWe assume that b # 0. If it is, we launch an exception and set n = +o7.



Figure 1. Point p is a given point not on L. Vector n is normal to L.
The point Xq is to be arbitrarily chosen on L.
The geometric-algebra equation for this problem is

p' =x0— n(p — xo)n, (3)

where xg is arbitrary and can be determined from (8). The vector n is a unit
vector perpendicular to line L. It can also be determined from (8). The way to
think about this equation is simple: To get to p’, start at xo and then add to
it the reflection vector relative to line L.

2 Proof

Now, here’s how we get n:?
n:aa'1+b0'2 _ (a,b) . (4)
Va2 + b2 Va2 + b2

The only other thing we need to begin the proof is this very basic identity:

ab=2a-b—ba. (5)
Solution:

p/ =Xp — H(P - Xo)n
=x0—n[2(p—x¢)-n—n(p—xp)]
=x9—2(p—%¢)-nn+ (p—xp)
=p-—2(p—xp) -nn. (6)

[ |

3 Example problem

Let’s do an example problem. Say our given line equation is

y=z+1, (7)

which in standard form becomes,
—rz+y—1=0. (8)

Hence, a = —1 and b = 1. Thus,
p—_—oite 1 ) 9)

Voo V2

2See the Appendix for more detail.



If we are given the point P = (—1,1) to be reflected through line L, then all we
need to employ Eq. (6) is to first pick some point xg on L. We chose for x( the
point (—1,0)

y
L
n Xx+y-1=0
(-1,1)
P
©.1(0,0)
H/O/xo p' x

Figure 2. Point p is a given point not on L. Vector n is normal to L.
The point Xq is to be arbitrarily chosen on L.

P'=p—2(p—xo) nn
1 1
= (L1 =2[(-11) - (= 170)]-5(—171)5(—1’1)
= (L1 - [(-1,1) = (=10)]- (=1, 1) (=1,1)
= (=1,1) = [(0, ) (=1, 1D](=1,1)
==L -(-11)
= (0,0). (10)
4 Appendix
How to get n? Let t be any tangent vector to the line
ar+by+c=0. (11)

This vector will be characterized by its slope — that is, it’s rise over its run, to
use the old language; but otherwise its length doesn’t matter.
The slope Ay/Ax of the line in (11) is

Ay —a
= 7 12
Az b (12)
Okay, so a vector that has the same rise-over-run as the line could be
t=Aroi+Ayos =bo; —aos. (13)



It’s easy to verify that n given by (4) satisfies the equation
n-t=0,

and thus the two vectors are orthogonal to each other.

(14)



