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1 Problem

Given the relation

15log5 3 =
1

xlog5(9x)+1
, (1)

solve for x.

2 Solution

Let’s begin by simplifying the LHS.

15log5 3 = 3log5 35log5 3 (2a)

= 3log5 33 (2b)

= 3β+1 , (2c)

where
β ≡ log5 3 . (3)

Next, we look at the RHS of (1), while using the variable substitution,

x = 3α : (4)
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xlog5(9x)+1 = 3α[log5(9)+log5(3
α)+1] (5a)

= 3α[log5(3
2)+log5(3

α)+1] (5b)

= 3α[2 log5(3)+α log5(3)+1] (5c)

= 3α[2β+αβ+1] (5d)

= 3[α(2β+1)+α2β] . (5e)

So, upon setting the LHS of (1) equal to the RHS (1), we have that

3β+1 = 3−[α(2β+1)+α2β] . (6)

On setting the exponents equal and then applying some algebra, we get the
following quadratic in variable α:

βα2 + (2β + 1)α+ (β + 1) = 0 . (7)

Using the quadratic formula for α, we get

α =
−(2β + 1)±

√
(2β + 1)2 − 4(β)(β + 1))

2β
. (8)

Fortunately, this simplifies tremendously.

α = −1, −1− β−1 . (9)

For α = −1, we get for x:

x = 3−1 =
1

3
. (10)

To deal with the other root, I leave it as a lemma for the reader to prove that

loga b = (logb a)
−1 . (11)

Anyway, from this we can conclude that

β−1 = log3 5 . (12)

For α = −1− β−1 = −1− log3 5, we get for x:

x = 3−1−log3 5 (13a)

= 3−13log3 5−1

(13b)

=
1

3
· 1
5

(13c)

=
1

15
. (13d)
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