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Mathematics compares the most diverse phenomena and
discovers the secret analogies that unite them.
— Joseph Fourier
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1 Problem

Given the relation
zlog(z + 1) +log(x + 1) =2z, (1)

find real solutions for z.

2 Solution

We'll begin by employing some lemmas of logarithms (see my writeup on log-
arithms if you want). Then we’ll use some lemmas from Lambert W function
theory.

First, we combine the two terms on the LHS to get,

log[(z + 1)%(x +1)] = 2. (2)
Next, we’ll raise 10 to the power of the last equation (just jargon), giving us
(z+1)"(z+1) = 10**. (3)
With just a little algebra, this becomes
(x + 1)t =10* . (4)
Looks to me that we can simplify by making a change of variable, like

u=x+1. (5)



Using this u in (4), we have that
ut =102 (6)

Looks to me that we can simplify again by making an alpha transformation,
like

u = 10“. (7)
With this, (6) becomes
100{10“ — 102(10”—1) . (8)
On equating the exponents, we get
al0® =2(10% - 1), (9)
or
(¢ —2)10% = —-2. (10)

Next, we make the exponent of ‘10’ equal to the factor in front of it, so we can
use a handy lemma:

(@—2)10""2=-2x10"2=—5. (11)
Now we apply that lemma, taking the Lambert W function base 10 across the
equation:
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where n is yet to be determined for real value of . Thus
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Hence,
Wn(_?% In 10) Wn(—%lnlo)
u=10" mio T2 =100x 107 mwo | (14)
which can be rewritten as
1
u =100 x e"n(~5010810) (15)
So that for x we get
1
z =100 x ¢"V»(=501810) _ 1 (16)

According to WolframAlpha, the values of n that give real values for z are
n=0,—1.
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