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1 Problem

Given the relation
x

y
+

y

x
= x+ y where x, y ∈ Z+ , (1)

solve for all allowed values of x, y.

2 Solution

It seems reasonable enough to try a solution by inspection, and get x = y = 1,
but I prefer a systematic approach, especially since x, y are positive-integer
valued. Let

x

y
≡ η , (2)

then (1) becomes
η + η−1 = x+ y = y(η + 1) . (3)

On solving this for y, we have that

y = (η + η−1)/(η + 1) ∈ Z+ , (4)

because y ∈ Z+. This time, by inspection, we get

η = 1 so that y = 1, hence x = yη = 1 . (5)

What about uniqueness? Clearly, if we consider η to be a rational, non-integer
number, then, because x and y enter (1) symmetrically, we must also get a
solution on making the replacements x ↔ y and η ↔ η−1:

x = (η−1 + η)/(η−1 + 1) ∈ Z+ , (6)

which again will only allow the solution η = 1 with x = y = 1. Hence our
previous solution is unique.
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