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1 Introduction

Let f be a nonsingular linear transformation from an n-dimensional vector space
V to itself. To keep things simple, by nonsingular I just mean that the determi-
nant of the transformation is nonzero, which I’ll write as det f # 0.

Since this little article is not a development of the details of geometric al-
gebra, I must refer the reader to my many papers on geometric algebra or else
(even better) consult the two sources New Foundations for Classical Mechanics
[1] and Clifford Algebra to Geometric Calculus [2].

2 Preliminaries

Let V be a vector space of dimension n. Let G(V) be the geometric algebra over
V. Let f be a linear function on V.
The so-called adjoint of f, f, is defined implicitly by the relation

- fly)=f(x) -y forallz,yeV. (1)

Let f (the differential of f) be the extension of f to apply to all multivectors
of the geometric algebra G(V). We demand that f be a linear function over its
space of multivectors. Let vector a be in V. Then f(a) = f(a). That is, the
differential of f treats the vectors of V the same as does f.

And to bivectors, such as a A b, we get

flanb) = fla) A f(b), (2)



and similar expansions are to be made for trivectors and above. David Hestenes
refers to this process of “distributing” f over a serial wedge product the “out-
ermorphism.” The trivector example is:

flanbnre)= fla) A f(b) A fle), (3)

and so on.

That leaves the question of how we should define the differential of a scalar,
say A. Scalars of a geometric algebra are real numbers, and they pass through,
so to speak, unaffected, that is:

F) =X (4)

So, what happens when we apply this differential to the pseudoscalar I of
G(V)?! We'll solve this by a definition:

J(I) = (det )T, (5)

where det f is the determinant of the linear transformation f, and it’s a scalar.
Assuming that f is itself a linear, outermorphism,? show that

F(I) = (det f)I, (6)

which might seem counterintuitive.
We begin with the identity (from Clifford Algebra to Geometric Calculus by
Hestenes and Sobczyk):

Ay - f(Bs) = f1f(Ay) - Bs] where r <s. (7)

Now, set r = s = n, where n is the dimension of the original vector space V.
And then set A, = B, = I, Then

I-f(I)=FlfI)-1], (8)
If(I) = fl(det f)II] = (det f)IT, (9)

since ‘(det f)I1I" is a scalar.® Anyway, dividing out one factor of I on both sides,
we get

F(I) = (det L. (10)

Done.

IThe pseudoscalar T of G(V) can be formed by taking the wedge product of all the vectors
of an orthonormal basis for V.

2For scalar A, f(\) = \.

3The square of a (unit) pseudoscalar I is 1, that is 12 = £1.



3 Problem:

My goal is to prove that ff~' = 1 and that f~'f = 1 by showing that for
arbitrary x of vector space V), that

fflz=2 and flfzr==x. (11)

So, let I be the unit pseudoscalar of the geometric algebra G, associated
with V. Then whenever we see A - I for any A we like, we can replace it by Al.

I’ll need two results from Clifford Algebra to Geometric Calculus, pg. 69,
Egs. (1.14a,b):

Ay f(Bs) = fl f(Ay) - Bs] forr <s, (12)
f(A) - Bs = fl[A, - f(Bs)] forr>s. (13)
This last equation can be put into the more convenient form for use here as:

fIf(Bs)- Ayl = Bs- f(A) forr>s. (14)

There are two more results that’ll be handy to know. First, for general
multivector A,

14 JADI!
fta= R (15)
And second B
fUI) = fI)=(det f)I. (16)

And since 17! and I can only differ by a scale factor and since [ is linear, then

SUT) = FI7h) = (det /I~ (17)

4 Proof:

If we restrict the arguments of f and f~! to vectors, then

fr=fr=f(z), (18)
fle= e = ) (19)
Now, let’s replace the blade A in (15) by a simple vector y € V, to get
e, DI
Fy=rv="007 (20)



Then, we hit both sides of this by f:

f(y[)l_ )
det f

= do tff<f( yl)I 1) (linearity of f)

FUfy) = F(=5

= I tff(f( yI™') (by (18) as f(yI)I~! is a vector)

= WD LAY by (1)

= D) (1) = (DI

=yll!

. (1)

Now, for the second part of the proof. This time, we go back to (20) and
replace y by f(xz):

@) = £ ) = TR (by (15))
—e fO s Gy (12)
4 1
= x(det f)IT 1@
=z (22)
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