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You cannot read mathematics the way you read a
novel. If you zip through a page in less than an

hour, you are probably going too fast.
— Sheldon Axler

(from Linear Algebra Done Right)

1 Trigonometry Presentation

Trigonometry is big subject that I can only present a bare minimum on. I
will, however, present trigonometry (meaning trigonometric functions) from the
standpoint of both the real and complex numbers.1

Think of this as a reference guide rather than a tutorial.

2 Basics of Trig Functions over the Reals

Mostly, I’m just going to present the common definitions and identities.

Let’s begin with the most famous trig identity, the Pythagorean Identity on
the unit circle involving the cosine and sine functions:

cos2 θ + sin2 θ = 1 . (1)

Next, some definitions (in order of presentation: secant, cosecant, tangent,
cotangent):

sec θ =
1

cos θ
, (2a)

csc θ =
1

sin θ
, (2b)

tan θ =
sin

cos θ
, (2c)

cot θ =
sin

cos θ
. (2d)

(2e)

1I’ll probably go into more depth as time goes on.
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Next, some common secondary identities:

1 + tan2 θ = sec2 θ , (3a)

1 + cot2 θ = csc2 θ . (3b)

Now, we look at some phase shifts:

sin
(
θ ± π

2

)
= ± cos θ , (4a)

cos
(
θ ± π

2

)
= ∓ sin θ , (4b)

tan
(
θ ± π

4

)
=

cot θ ± 1

1∓ tan θ
, (4c)

sin(θ + π) = − sin θ , (4d)

cos(θ + π) = − cos θ , (4e)

tan
(
θ +

π

2

)
= − cot θ . (4f)

Next, angle sums and differences:

sin (α± β) = sinα cosβ ± cosα sinβ , (5a)

cos (α± β) = cosα cosβ ∓ sinα sinβ , (5b)

tan (α± β) =
tanα± tanβ

1∓ tanα tanβ
. (5c)

Now we look at a few special cases of double angles:

sin (2θ) = 2 sin θ cos θ =
2 tan θ

1 + tan2 θ
, (6a)

cos (2θ) = cos2 θ − sin2 θ =
1− tan2 θ

1 + tan2 θ
, (6b)

tan (2θ) =
2 tan θ

1− tan2 θ
. (6c)

Next, we look at some half-angle formulas:

sin ( 12θ) = sgn
(
sin ( 12θ)

)√1− cos θ

2
, (7a)

cos ( 12θ) = sgn
(
cos ( 12θ)

)√1 + cos θ

2
, (7b)

tan ( 12θ) =
sin θ

1 + cos θ
=

1− cos θ

sin θ
=

tan θ

1 + sec θ
. (7c)

2



3 Basics of Complex Numbers with Trig
Functions

Let’s begin with the Euler relations:

cos θ + i sin θ = eiθ , (8a)

cos θ − i sin θ = eiθ , (8b)

Next, let’s invert them:

cos θ =
1

2
(eiθ + eiθ) , (9a)

sin θ =
1

2i
(eiθ − eiθ) , (9b)

where, in the above cases, I used the usually understood real variable θ, but
that can be replaced by the complex variable z. In fact, soon we will do so.

Okay, how to represent tan z by exponentials?

tan z =
sin z

cos z
=

1

i

eiz − e−iz

eiz + e−iz
. (10)

Relation of the usual trig functions to the hyperbolic trig functions:

i sin θ = sinh (iθ) , (11a)

cos θ = cosh (iθ) , (11b)

i tan θ = tanh (iθ) , (11c)

−i cot θ = coth (iθ) . (11d)

4 Appendix: The Basics of Complex Numbers

Typically, we find a generic complex number denoted by the letter z, but one is
free to choose other letters, as well. So, if z is a complex number, in general it
has both real and imaginary parts:

z = a+ bi , (12)

where a, b are real components of basis vectors 1, i. But they are also expressed
as, respectively, the ‘real’ and ‘imaginary’ components of z.

Complex conjugation of complex number z is an operation that leaves real
numbers alone but replaces the unit imaginary i with its negative, i.e., −i. The
symbols most often used to represent complex conjugation are the ∗ and the
overbar. I’ll usually use the overbar. Thus, the complex conjugate of z in (12)
is

z = a− bi . (13)
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Obviously, the complex conjugation of a pure real number has no effect.
A funny thing happens when we multiply a complex number by its conjugate:

zz = (a+ bi)(a− bi) = a2 + b2 . (14)

So, zz is zero if and only if z = 0, otherwise, it’s a positive real number.
Another funny thing happens when we add a complex number and its con-

jugate: we also get a real number. Let’s see.

z + z = (a+ bi) + (a− bi) = 2a . (15)

Why do we care about this? Because sometimes we need to map complex
numbers into the real numbers to get information on the complex numbers.
This problem will show you that.

I’m not going to prove this here, but every complex number can be expressed
in exponential (or polar) form:

z = a+ bi =
√
a2 + b2eiθ = (zz )1/2eiθ = reiθ , (16)

where we can think of r as the length of the complex numbers z or z .

r ≡ (zz )1/2 or r2 = zz = | z |2 . (17)

So, it will be good to know all this stuff in this section before you attempt
to follow my solutions to these complex variables problems.

By the way, the complex numbers are what’s called a field, so they can
be added, subtracted, multiplied, and divided by each other (except you can’t
divide by zero, as usual). And, therefore, you can apply the quadratic formula
to them! (Yay!)

Lemma 1: If a complex number z is equal to its own conjugate z = z , it’s real.

Lemma 2: If a complex number z is complex conjugated twice then there’s no
change: z = z.

Lemma 3: The complex conjugated of a product or a sum is the product or
sum of the complex conjugates: z1z2 = z 1z 2 and z1 + z2 = z 1 + z 2.

Lemma 4: If s, t ∈ R and z = s+ ti then

iz = t+ si . (18)
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