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Abstract
In this algebra word problem, I wish to take a familiar chemistry problem
of finding the molarity of an ion in solution using the Scheme I’ve devel-
oped for doing word problems. If this problem in chemistry seems too
hard for a first problem, the reader can safely skip this paper and proceed
to the second paper of this series.

1 Introduction

In one of my chemistry textbooks [1], I find this problem (presented here some-
what paraphrased):

What is the [H+] in 0.50 M HC2H3O2 solution? The ionization
constant Ka for HC2H3O2 is 1.8 × 10−5.

Given the equilibrium state of the ionization reaction (for acetic
acid)

HC2H3O2 
 H+ + C2H3O2
− , (1)

the ionization constant given to us as

Ka =
[H+] [C2H3O2

−]

[HC2H3O2]
= 1.8 × 10−5 . (2)

What Eq. (1) is telling us is that the acetate molecule in water only weakly
ionizes, and so it will exist in equilibrium with its ionized cousin. Eq. (2)
provides for us a mathematical relationship by which we can solve for the amount
of ionization.

Just as an observation, we can use this last equation to solve for [H+] if
we can express [C2H3O2

−] and [HC2H3O2] in terms of a single variable (this is
standard algebra: one equation needs one variable in it to solve for). The means
to accomplish this goal is the essence of how to complete the problem. However,
it’s ironic that the worst place to begin to solve this problem may be to actually
ask oneself “Is there a way to write [C2H3O2

−] and [HC2H3O2] in terms of a
single variable?” Instead, we begin with the following question: “Are there any
totals or parts suggested in this problem?” This one question will be central to
how we will begin to solve most algebra problems in this series of papers.
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2 Solution Part 1: Conceptualizing the Problem

Before I can write down an algebraic equation (extracted from a word problem)
I can solve (unless it’s just plain obvious), I must first understand the problem in
terms of my heuristics – my Scheme of solving algebra word problems I cobbled
together decades ago. For instance, are there any totals about, or parts lying
around? Why is that a useful question? Because every total is equal to the sum
of its parts. What good is that? Well, it’s an equation, and algebra is the art
and technique of solving one or more nondifferential equations simultaneously:

Every Total =
∑
i

Partsi . (3)

Another important equation type comes from identifying some invariant in
a before-and-after process. I propose to create this (weak) acetic acid solution
by employing an idealized before-and-after process. Suppose we begin with 0.50
moles of pure (anhydrous) HC2H3O2. Then we add just enough water to the
anhydrous acetic acid to create exactly 1 liter of solution and give time for the
system to come to equilibrium. Why? Because that’s when we are allowed to
invoke Eq. (2).1

We started off with 0.50 moles of acetic acid molecules (HC2H3O2), but we
didn’t end up with 0.50 moles of it. So what, if anything, was the invariant of the
process? To answer this, I need to stipulate a new term. An acetate body exists
in one of two forms: either the acetate ion C2H3O2

− or the acetic acid molecule
HC2H3O2. Our symbol for the generic acetate body will be <C2H3O2 >. Every
acetate body will either be bound or unbound to a hydrogen ion H+ (or proton).
So, the correspondences are:

<C2H3O2 >b ∼ HC2H3O2 and <C2H3O2 >u ∼ C2H3O2
− . (4)

In other words, the basic assumption of this problem is that the number of
acetate bodies is the main invariant of this before-and-after process of adding
the pure water to the anhydrous acetic acid.

total # acetate bodies before = total # acetate bodies after . (5)

In the before state, the acetate bodies were all in the bound state, but all we
care about is that their total was 0.50 moles. In the after state, the total acetate
bodies were the sum of the bound acetate bodies (that is, the unionized acetate)
and the unbound acetate bodies (that is, the ionized acetate). Thus (5) becomes
(in moles)

0.50 = #<C2H3O2 >b + #<C2H3O2 >u

= #(HC2H3O2) + #(C2H3O2
−) , (6)

1I’m not saying that this is the process you can or will use in the lab to obtain such a
substance. The purpose of conceptualizing the problem this way is to setup a before-and-after
situation because there will always be something that is conserved from the Before-State to
the After-State, and that implies the existence of an equation to solve for something in some
variable, say Y , hence: YBefore = YAfter.
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where all terms are in moles. Now we divide through by 1 liter, and then the
units go from moles to moles/liter, or molarity M :

[HC2H3O2]Before = [HC2H3O2]After + [ C2H3O2
−]After

Molarity: 0.50 = (0.50 − x) + x , (7)

where [HC2H3O2]After is the concentration of undissociated acetic acid in the
‘after state’, or, in more familiar chemistry terms, it is the concentration of
undissociated acetic acid in the solution at equilibrium.

The simplest way to proceed is to set [ C2H3O2
−] to x to substitute into (2).

Now, because there is a 1–1 correspondence between the moles of H+ and the
moles of C2H3O2

−, there is also a 1–1 correspondence between the molarities
of H+ and the moles of C2H3O2

−; therefore [H+] = [ C2H3O2
−] = x.

Given that I know where this problem is leading, I must interpret Eq. (2) as
the following:

Ka =
[H+]After [C2H3O2

−]After

[HC2H3O2]After
= 1.8 × 10−5 , (8)

where [H+]After ignores the initial spontaneous ionization of pure water prior to
mixing it with the anhydrous acetate.

I remind the reader that the subscripts of “After” used in (8) are not stan-
dard. They merely reflect how we modeled the formation of this fluid as a
‘before-and-after’ process. However, it does remind us that we should be using
0.50 − x for [HC2H3O2] in (8) and not using 0.50.

3 Solution Part 2: Solving the quadratic

We’ve now completed the conceptual part of the solution and we’re ready to
write down an algebraic equation and solve it analytically.

From (7), we get [HC2H3O2]After = 0.50 − x. We can now rewrite (8) as

x · x
0.50 − x

= 1.8 × 10−5 . (9)

Assuming x to be much less than 0.50, we can safely ignore it in the denominator,
to get

x2 = (0.50)1.8 × 10−5 . (10)

or
x = 3.0 × 10−3 mol/liter H+ . (11)

If we opt to solve the more labor intensive quadratic Eq. (9) instead, we get for
the extra effort the value

x = 2.99 × 10−3 mol/liter H+ , (12)

which, after rounding, is really the same answer as before.
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4 The Scheme

The Scheme I cobbled together over the last three decades goes something like
this:

1. If there are any totals or parts of a total lying around, put them into an
equation (or into an inequality, if appropriate). Then Total =

∑
i Partsi.

2. Is there some invariant Inv evidently holding from the initial state to the
final state of a before-and-after process? If so, write Invi = Invf .

3. Is there a common or problem-specific formula to use? Such as from
physics, chemistry, etc., or from mathematics, like from geometry or from
number theory, such as for the summation of a series or for a weighted
average of a set of numbers, or the greatest common factor or least common
multiple of two or more numbers.

4. Is there a proportion given? A proportion is the stated equality of two
ratios.

a

b
=

c

d
.

5. Are there one or more linear or quadratic relations given or detected? If
so, write them down.

6. Is there a function given, dependent on one or more discrete variables,
each over finite ranges? If so, the problem might be solvable by exhaustive
search. For examples, the point of the problem may be to find all allowable
values of the function satisfying certain given constraints, or it may be a
simple matter of finding a minimum or maximum value of the function on
its domain. This may not seem like a legitimate algebra problem, but I
have found such problem types in algebra problem sets. So, as a practical
matter, it’s good to keep it in the list of heuristics.

7. And, add as many additional heuristics as you like.

I have a number of comments before ending this section. First, the above set
of heuristics did not mention anything about either units or conversion factors,
yet they come up often in word problems and the problem solver must know
how to deal with them. Second, most word problems I have solved over the
years have used at least one version of a total = the sum of its parts. And many
of the interesting problems I’ve solved have used some invariant in a before-and-
after process. Third, I predict that, in a well-crafted word problem, it will be
nearly impossible to find an equation of the form of either items 1) or 2) above
that will not be useful to finding the solution to the problem. Therefore, unless
a particular problem strongly suggests starting elsewhere, begin the problem
solving by searching for equations of the forms found in items 1) and 2) above.

So why is Scheme so effective for solving word problems? Because it encap-
sulates what is true of every word problem at the highest level of abstraction!
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After all, the process of solving a word problem can be reduced to a two-step
process: Find a complete set of equations and/or inequalities that characterize
the problem and then solve that set simultaneously. Scheme facilitates accom-
plishing that first step of the process.

This first note on word problems is rather long because I wanted to properly
introduce the Scheme to use in presenting other word problem notes, to follow
periodically.

5 What About R.I.C.E.?

The comment here goes specifically to the chemistry problem we did in the be-
ginning, and therefore may not be of general interest to the reader. So, what
is R.I.C.E.? R.I.C.E. is the acronym for “Reaction, Initial, Change, Equilib-
rium.” It is an algorithmic method of charting all the relevant quantities of the
ionization equilibrium problem to assist one in getting the correct answer. So,
should you use this charting method to help you solve problem? Sure. However,
I hope that the presentation in this paper has clarified somewhat the conserva-
tion principles at work behind the R.I.C.E. algorithm.

6 Conclusion

Long ago, Sauron fooled us into believing that there are 19 different schemes to
rule algebra word problems in the various sciences. Ugh! But we have discovered
the truth. There’s only One Algebra Scheme to rule them all!
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