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The purpose of this note is to prove the following identity over the complex numbers

sinh(m +n)z  sinh(m —n)x
2(m+n) 2(m—mn)

/sinh ma sinhnx dr = (1)

where m and n are integers (m? # n? ) and x is complex. Our approach here will be to
embed the problem in the unipodal algebra, which is the extension of the complex numbers
by the unipotent number u. That is, u is a number not equal to any complex number but
that has square 1 and commutes with every complex number. For our purpose we will
regard u as a unit vector.

The following list of identities is obeyed by the unipodal numbers

u? =1, (2a)
uy = 3(1+u), (2b)
Uy +u_ =1, (2¢)
&~y (2d)
U4 = U4, (2e)
U=uUg —u_, ((zfg
utu— =0, 2g
e™ = coshz + usinh x, (2h)
e ™ =coshx —usinhz, (21)
coshx = i%(ew +e ") =3(e" +e7), (2))
sinhz = gu(e™ —e ™) = %(62c —e ), (2k)
cosh? z —sinh*z =1, (21)
Uy = U, (2m)
uwl=u. (2n)

This next fundamental theorem can be proved with elementary power series expansion
of the exponential

ez+u++z_u_ — €z+U+ + ez_u_7 (3)

where z; and z_ are the components of a unipode in idempotent basis form. This last
theorem is so fundamental that there are hardly proper words to indicate its true importance.
And of similar importance is the relation

Log (z) = uyLog (x4+) + u_Log (x_). (4)

Every invertible unipodal number a + zu can be written in the alternative form Ae**,
where A and v are complex numbers. Thus

e’ =a—+zu.

DEFINITION. By the unipodal conjugate or unegate of the unipode ag + a;u we mean
the unipode ag — a;u. We define the following unegation operator to accomplish getting
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the unegate. Let z = ag 4+ aju be any unipode then the unegate of x is z—. Note that

rx~ =~ 2 = a3 — a} is a complex number.

Now we can get to the proof of the given identity. Let

/ sinh ma sinh nz dx = Vec / e""* sinhnx dx

where “Vec” means to take the vector part, which is the coefficient of the u term.

) ) eUnNT _ o—une
/smh max sinh nx dz = Vec /e“mx ey dr ,
u

where we used equation (2k). Now we split the integral.
1
/sinh mz sinhnz dz = Vec o [/ eulm+nz gg /(eu(m_”)x dm] .
u

On integrating and simplifying we get

1 eu(m+n)w eu(m—n)x
/sinh ma sinhnx dr = Vec - { — ] .
2| m+n m-—n

And finally we use (2h) to get

sinh(m +n)z  sinh(m —n)z
2(m +mn) 2(m —n)

/sinh max sinh nx dr =



