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Abstract

This paper contains my read-a-long notes on how to develop the quantum mechanical equations
for the Heisenberg Picture. These notes come from the lecture from Barton Zwiebach!. The
fault for any inaccuracies in this presentation is strictly my own.

1 Introduction

With the Heisenberg picture for quantum mechanics, we’ll see how the Schrodinger oscilator acquires
time dependence. And we’ll find a greater connection between classical mechanics and quantum
mechanics. So we begin.

|¢,t>:U(t»to)|¢,to>- (1)

implies the Schrodinger equation with Hamiltonian

H(t) =ih (;U(t,to)> UT(t,to). (2)

Our goal is to find U(t,ty) given H(t), which is often made-to-order.
We can multiply through on the right on the last equation by U(t,tg) and reverse sides, to get
. d
zhaU(t,to) = H(t)U(t,to) . (3)
And from this we get the Schrodinger equation

(Ut 10)) 146, 10)) = HO U, 10)) 16, 10)). 0

Now, let’s go to cases!

Case 1) H is time-independent.

du
h— = HU . 5
Nt (5)
We'll try the ansatz ,
U= e—th/hUO , (6)
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where Uy is a constant matrix. On substituting into (5) we get

dau dUu
ih 7 ih o 31
So,
AU —iH gy
zﬁdt—zh N e Uy=HU,

and it works.
Now, _
U(t, to) = eilHt/hUo .

At t =tg, U(to,to) = 1, so this last equation becomes
—iHto/h
1=¢" o/ U() .

So, on solving for Uy, we get
Uy = etho/h .

Therefore, we get
U(t, tO) — efiH(tfto)/h,

again, for the time-independent case. And we have that

eaH‘¢n>:eaEn|¢n>,

Case 2) H has a little time dependence, with

~

[H(ty), H(ty)] =0 for all t1,t5.

(13a)
(13Db)

(14)

As an example, consider a magnetic field whose field lines are collinear in a region, but whose

strength along a give line is allowed to vary.
H=—yB(t)-5.

So, if we have that

~

H=-~B.(t)-5.,

then H(t1) commutes with H (t3).

Let’s try the ansatz
t

U =expl 1 [ HE)dr],

to
Let’s define -
2| H@)dt = R(t)
h to
Then )
1
R=—-—-H(
LH(1)
So,
U=¢el

(15)

(16)

(17)

(18)



Therefore,

dU d 1 1
o= %(1+R+§RR+5RRR+~-)
) . ) 1 . ) )
=R+ %(RR—FRR) + g(RRR—&-RRR—i—RRR)—F“-
= Rel, (21)
where we used that R and R commute.
So,

which is the same as (3).

Case 3) H(t) is general. We can at least write down something that makes sense.

Ult,tg) =T exp[—z t H(t")dt']

B Jy,
ot ~iN\2 ot t
=1+ — [ H(t1)dt; + 3 () H(hdt | HE)dt" +---, (23)
h to h to to

where the T indicates a time-ordered exponential.

.t
Ult, to) :'[l'exp[—%/ H(t)dt']
to
t

—i
=1+—
h to

—i 2 t t1
+ <> / H(t)dt, | H(ts)dt
h to to

H(ty)dt,

N (;)3[1{@1)&1 ttl H(ts)dts /ttZH(tg)dt3+~--. (24)

0

So, if we take the time derivative, we’ll get (3). However, this equation is of limited usefulness.
Now that we know U (t,tg), we can evolve the wave function in time.

2 The Heisenberg Picture of Quantum Mechanics

We begin with the Scrodinger picture of quantum mechanics. It contains operators such as x, p,
spin, and the Hamiltonian, wave functions, onto which we develop a new way to think about it.

Consider a generic Scrodinger operator Ag. What is the matrix element between these two states
|a,t) and | 8,t)?

(at] As|B.t) = (0| UH(£,0)AsU(10)| 8,0 ) - (25)
Now, we have a dual way to interpret this. On the LHS, we have the effect of /Als and on the RHS,
we have the effect of the time-dependent operator U (¢,0)AsU(t,0) on the time-independent states

|a,0) and | 3,0).
Let us define the new operator

Ay =U'(t,0)A5U(t,0), (26)



Comments:
Att=0, Ag(t=0)=Ag (t=0).
1g — 1y = UT(t,O)ﬂsU(t,O) =1g.

Problem: Given the operator 65 such that
Cs=AsBs, (27)

what is Cp? N R . ~ PN
Cu=U'CsU =U"AqUU'BsU = AyBy , (28)

If [A\S,ES] = as then [A\H,EH] :GH

Since [z,p] = ihl then [zg(t),pu(t)] = ihl.

Now, what about Hamiltonians?

Hy = U'(t,0)HsU(t,0). (29)
And for all ¢4, to,
[Hs(t1), Hs(t2)] =0, (30)
then
Hy(t)=Hg(t). (31)
But if Hs(t) = Huy(Z,p,t) then
HH(t) = UTHS(t)U = UTHS(i‘:SaﬁSat)U = HS(fHaﬁHﬂt) = HS(Evﬁa t)v (32)

established by the usual means. This is a useful result.
Expectation Values
Set both « and 3 equal to |,t):

(wt] As|v,t) = (v.0] Au(®)]4,0) . (33)

This can simplify some computations. In shorthand:

o~ o~

(As) = (Au(t)), (34)

is used but needs some interpretation.

And we’re back to the problem of determining Ay where U is difficult to calculate.

Heuristic: Try to find a differential equation that is satisfied by the Heisenberg operator, other than

Ay =Ut(t,0)A5U(t,0), (35)
So,
d ~ Ut ~ OA ~ U
g @ _ . t S . t
ih Ay = ih— = AsU +ihU' ==2U + ihUT As - (36)



But
oU

Zhﬁ = I{S(]7 (37)
So,
out
h—— =U'H
? ot U S (38)
where it = —i. Hence,
. - . A
m%AH = -U'HsAsU + U'AgHsU +ih (%f) , (39)
H
This can be rewritten as N N
LdHyg(t) ~ = . [ 0As
ih ke [Apg,Hp |+ ih ot ; ) (40)

This is the Heisenberg equation of motion. Let’s go to cases.

0Ag
ot

1) Suppose = 0 then

dHp(t)
ih 7t

= [Ay, Huy(t)]. (41)

2) ES has no explicit time dependence.

ih%<\l/,t | ﬁs|m,t>:m%<m,o | EH\\I/,0>

<\Il,0ihm|\11,0>
dt

= (w0 [An, Hy)|¥,0) (42)

From this we get that
S An(t) = ([ A, A, (13)
i (Ag) = ([, Hs]). (44)

Is it a conserved operator? A s is conserved if it commutes with the Hamiltonian. [gs, H s]=0.
But this implies that L
[Ag,Hy] =0, (45)

which then implies that

A A
il dtH> =0 which implies that ddTH =0. (46)

In this case we get that A\H is time-independent.

Example: Harmonic oscillator.

~2
Hs = 2 4 1mu?3?. (47)
m



Or,

~2
Py 952
Can we solve for )/(\'H and ﬁH?
dXy e A & 1 a2 1~
ih—= =[Xu, Huy] = [Xu, 5 -Ppl= 5 Pr(ih) (49)
Yielding,
dX g 1
2 __p 50
dt m H ( )
which looks like classical mechanics. Also,
dP S . - .
it = (P flu) =[P, Imw?Xy] = tmw?2X g (—ih). (51)
Hence, R
dP N
d—tH = —mw?Xy. (52)

On differentiating, we get

Xy 1dPy 1 b o
== = — (—mw?Xy). 53
dt? m dt 2m( mw X p) (53)

Finally,
Xy N
a2 = —Ww XH 5 (54)
with solutions R R N
Xpg(t) = Acoswt + Bsinwt, (55)

where A and B are time-independent operators. Similarly,

~

= dX -~ ~
Py(t) = me = —mwAsinwt + mwB coswt . (56)
At t=0, R R
Xu(t=0=A=X, (57)
and R R
Pp(t=0)=mwB =P, (58)
implying that
~ 1 -
B=—P. (59)
mw

This leaves us with the complete solution.
Xu(t) = X coswt + — sinwt (60a)
mw

~

Py(t) = Pcoswt — mwX sinwt . (60b)



Finally, let’s calulate the Heisenberg Hamiltonian.

~

. . N P
() = —(Pcoswt — mwX sinwt)® + 2mw?(X coswt + — sinwt)?
2m mw

1 ~2 1 2 1 PPN
= —cos’wt P~ + —m’w?sinwt X — —mwsinwt coswt (PX + X P)
2m 2m 2m

Lo 2 2
5 Mmw ~2 ~2 mw ~ A~ ~ ~
=2 55 sin? wtP” + %moﬂ cos® wtX + 3 coswtsinwt (XP + PX)
miw w
~2
=2
=5 + $mw® cos® X~ = Hg(t).



