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Abstract

This presentation is my read-along notes on the Lecture 8 from Hong Liu: MIT 8.323 Relativistic
Quantum Field Theory I, Spring 2023 The fault for any inaccuracies in this presentation is
strictly my own.

1 Some review

The path-integral approach to Action.

Previously: \
L= 30,606~ ym?¢? — 26", (1)

A
for a particle with interaction term ——'¢4. The treatment for this theory will act as the pattern
for all subsequent versions of interacting Lagrangians.
In the Schrodinger picture, we have for the
S-matrix:
SBa = <B | U(+OO,—OO)‘O&> ’ (2)

where « is the initial state and 8 is the final state and where U (400, —o0) is the evolution operator.
In the Heisenberg picture we have

Sﬁa = <B7+OO | «, _OO> )
Sga = g0 + 130, (3)
where
iTﬁa = i(27r)45(4) (pa - pﬁ)Ma—ﬂf ) (4)

where p,, is the total initial momentum and pg is the total final momentum; and where M,_,z is
the physical part of the scattering amplitude.

In LSZ, M,—,3 can be obtained from the time-ordered function

Gn =(Q[To(x1) - ¢(x,) Q) , (5)

where ¢(x1) -+ ¢(x,) are listed in reverse time order, and 2 is the vacuum state, and where & is
the total number of particles. Also, ) represents the vacuum. The operator T means time-ordering,
which place the largest time ealiest.

Computation of the correlation function can be performed with perturbation theory.



The ‘Equation of motion’ is:
A
(0% =m*)¢ = 6%, (6)

which has no exact solution. This is an interaction term ¢3. To solve (6) approximately, treat \ as
a small parameter. For a perturbative solution, we make the substitution,

¢ =¢o+ A1+ Ao+, (7)

which is then substituted into the EOM, and then the terms of same power in A are set equal.

(0> —m?)py = 0 for the free field, (8)
Then the first-order equation is

(@ ~ )61 = <4} )

etc. Then we solve this set of equations, first to last, to get ¢.
Sinilarly, we can solve
Q) =10)+ A Q1)+ A Qo)+ . (10)

So, G,, can be reduced to a calculation in free theory, since, ultimately, everything erduces to a
function of ¢g. But this method isn’t easy. However, we have better techniques.

Two approaches:

(1) Use the interaction picture.
H=Hy+Hy, (11)

|1(t)), Or(t) which is the state and an operator, respectively, of the interaction picture.

From the Schrodinger picture

[r(t)) = e [4hy(t)) (12)

O](t) = eiHOtOseiiHot R (13)

which is the Heisenberg picture (or “operators”). See Peskin and Schroeder [An Introduction to
Quantum Field Theory], Sec. 4.2.

2 The Path Integral

(2) A more straightforward alternative is the path integral formulation of quantum mechanics.

Example: For non-relativistic QM:
P2
H=—+V(x). 14
V(@) (14)
1) In contrast, for the path-integral version, we start with the propagator:

K(z, ;2 t') = (x,t | 2/, t') = <x | e_iH(t_t/)|ac’> , (15)

(the latter being in the Schrodinger picture), which we solve to get ¥ (z,t), thusly

W(t,x) = /dx/K(x,t;x’,t’)zb(t',x’). (16)

So, how to compute K7



012 N

to=t, tn=t, At=

And we take the limit as N — oo and thus At — 0.

Note:
e iH(t—t") _ (e—iHAt)N
Then, into
<$ | efiHAtefiHAt L. efiHAt|x/>
insert between each factor the integral: [ dz; |z;) (x;| =1, so that,

K= /dx1'~de,1 (z | e*iHAt|xN,1>~-<x1 | e*iHAt|x’> )

Each factor can be calculated

~2 ~2

e _ s (Bt V@) s @ o).

2m
then add all the contributions together.

Based on the Baker-Campbell-Hausdorft (BCH) formula:

1
€A+B _ 6A€B€7 5[A,Bl+... ,

Consider z(t;) = x;, then,

~2
. D . =
<:Ci+1 ezHAt2m eszAtV(l')‘ z; > = QWTAt exp |:’[,AtL(1‘7l‘) ti] ,
where L is the Lagrangian. So,
. m \NJ2 = /
K = ngnoo (2m’At) /d;pl <oodry_1exp [zAt ; L(z,2") J

z(t)=z t
:/ Dx(t) exp {z/ dt”L(:v,:v/)],
T t’

()=a"

where Dz(t) integrates over all possible functions z(t) satisfying z(¢') = 2’ and z(t) = x.

Physical Interpretation.

~2
) p ) = m TM [ Tixe1 — Ti\2
| iHALS— —zHAtV(.’L‘)’ N L [7 (M) At — AtV }
<xl+1 ‘ ’ " omint CP 2\ A AV (@)

(21)
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Figure 2. We want all paths between (z,t) and (z’,t"), weighted by e's.

We want all paths between (z,t) and (2, '), weighted by ¥, where

§= / it L(a. ) (26)

is the action. Then, an alternative (Hamiltonian) form for K is

K= / o Da(t) Dp(z) exp [z /t It " (pi — H)) . (27)

()=’

Example: The simple case of a free particle with s = %(f
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Figure 3. Case of a free particle.

Here, Zr is the amplitude we wish to calculate, where the particle returns to its initial point,
and T is the final time.

Zr=(0,T710,0)

= lim ...... (Homework!)
N—oo

- (27:‘T) - (28)

But there is a simpler method.
T
S = /0 dtgmg? (Integrate by parts.)

m T
-7 /0 dtg(—02)q. (29)



Boundary term to zero since ¢; = g5 = 0.

S=1 / " bt q(6) (m(t — )RVt (30)
0
This is an identity transformation (by virtual emplacement).
S=1 /T dtdt' q(t) K (t,t")q(t'), (31)
0
where K (t,t') = —md(t — t')07%. Now, treat ¢,t’ as continuous indexes. Then, in the extpression
g K (t,t)q(t') (32)

K(t,t') is a matrix and ¢(t), ¢(t') are vectors. So, in simplified notation:

T = / Da(t) exp (; / dtdt’q-K-q) , (33)

which is a gaussian integral.
Recall that

and

) . (27T)n/2
[W dxy -+ - dx, exp ( 2xmAmnxn) Jaoid’
C
T /7det K ) (36)
where C is a constant, and det K is the determinant of K in the space of (uncountable) infinite-
dimensional vectors [in the space of functions]. Now, C can be divergent. Not all divergences are
important in QFT.
So, how do we calculate det K7 Note,

Hence,

det A =T\, (37)
i
where \; is an eigenvalue of K.
ApinTn = ATy, . (38)
So,
T
/ dt'K(t,t') fi(t') = X f(¢), (39)
0
where, from (38) n — ¢ and the sum over n is replaced by the integral. Then,
fi(0) = fi(T) = 0. (40)
Therefore,
it
£;(0) = sin % =0, (41)
2.2
mjem )
N= e =123 (42)
which implies that
oo L3 2
jem
j=1



3 Remarks

(1) This new formulation of QM is equivalent to the Schrodinger formulation. The K satisfies the
Schrédinger equation

, 1
10K = —%@%K +V(2)K . (44)

(2) Contrast classical mechanics, in which the classical path is realized:
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Figure 4. Classical path.
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Figure 5. Many paths sum.



